Abstract-In this paper, we study the MAC access delay of EDCA in the draft IEEE 802.11e standard under saturated conditions. We obtain explicit expressions for the mean, the standard deviation and the generating function of the distribution of the access delay. By using numerical inversion on the generating function, we are able to compute values of the distribution. We show that our analytical model has high accuracy via comparison with simulation.
extension of the one developed in [3] for DCF. Using a probabilistic approach, we derive expressions for the mean and the standard deviation of the access delay. Furthermore, we derive the generating function of the access delay and use numerical transform inversion [8] to obtain values of the distribution from the generating function. We show by comparison with simulation that our model is accurate.
The rest of this paper is organized as follows. In Section II we provide an overview of the EDCA mechanism. In Section III, we describe our analytical model, and in Section IV, we verify the accuracy of our model by comparison with simulation. Finally, we present our conclusions and topics for future work in Section V.
II. OVERVIEW OF EDCA

A. DCF
The core part of the IEEE 802.11 MAC protocol is the channel access mechanism, which determines when a station (STA) is permitted to transmit or receive packets. The fundamental mechanism is called DCF, which is based on CSMA/CA (Carrier Sense Multiple Access with Collision Avoidance).
The DCF defines two schemes, namely, the basic two-way handshaking and the complementary four-way handshaking schemes. In the basic scheme, each STA senses the channel before its transmission. If the channel is busy, the STA has to keep sensing until the channel becomes idle. Observing the channel is idle, the STA waits for a guard period. The guard period is equal to EIFS (Extended Interframe Space) if the last packet transmitted on the channel was errored, otherwise it is equal to DIFS (Distributed Interframe Space). After that, if the channel is still idle, the STA waits for a backoff period before transmitting. In the backoff process, a discrete backoff time measured in backoff slots is randomly selected from [0, , where CW is the current contention window. This timer counts down as long as the channel is idle but is frozen when the channel is busy. When the backoff counter reaches zero, the STA starts transmitting. If more than one STA's backoff timer reaches zero in the same slot, a collision occurs.
If the transmission succeeds, an ACK (acknowledgement) is send back to the transmitter after a SIFS (Short Interframe Space). Then the sender begins another backoff process (postbackoff), where CW is reset to the minimum value, CW min. If a collision occurs, the CW of the sender is doubled unless the maximum value (CW max) has been reached, and the packet is retransmitted . After the retry limit R is reached, the packet is discarded. The sender does not hear the collision, but becomes aware of the collision event when its acknowledgement timer expires.
In the four-way handshaking scheme, RTS/CTS frames are exchanged between the sender and the receiver before the data transmission, which warns other stations of the impending occupancy of the channel. In our analysis, we cover the twoway handshaking scheme only; however, our delay analysis can be readily extended to the four-way handshaking scheme.
B. EDCA
To support service differentiation, EDCA is being developed by the Task group E of the IEEE 802.11 standards group. The service differentiation is realized through the introduction of four ACs (0-3) in each STA. Every AC has four adjustable parameters, namely:
• AIF S -Arbitrary Interframe Space. A guard time interval which is a generalized version of DIFS.
• CW min -the minimum contention window.
• CW max -the maximum contention window.
• T XOP limit -TXOP is the interval of time when a particular STA has the right to initiate frame exchange sequences onto the wireless medium. The limit is the maximum value of the time interval for the STA.
When the packets arrive at the MAC layer, they are assigned to different ACs according to their user priorities (UPs). UP is a value from (0 ∼ 8) assigned to each packet in the layers above the MAC, and is identical to the 802.1D User Priority [9] . The mappings from UPs to ACs are shown in Table I [2] . For a packet to be successfully transmitted, it has to win two contentions, namely, "internal" and "external" contentions. Firstly, within each STA, packets from different ACs contend. The internal contention algorithm calculates the backoff independently for each AC. The backoff procedure is similar to that in DCF. When a collision occurs within a STA, the packet from the higher-priority AC wins. The winner next contends with other winners from other STAs to gain the access to the channel. Obviously, the smaller the AIF S and CW , the greater chance for the packet to win.
III. ANALYTICAL MODEL
We consider a setting where there are n STAs in saturation and the general case of J ACs. For simplicity, we assume only one AC per STA. We focus on the service differentiation caused by CW min and fix the other three parameters to be identical for all classes. Further, we assume ideal channel conditions, i.e. no channel errors or hidden terminals.
A. Collision Probability
In our study, the most significant assumption is that each packet belonging to the same AC collides with a constant and independent probability. This assumption was first employed by Bianchi [10] , and has been widely used in related studies [11] .
We denote AC k as the kth AC, and
• CW min k as the initial contention window for AC k ,
• m k as the maximum backoff stage factor for AC k , which
• p k as the collision probability for AC k ,
• n k as the total number of STAs in class k. Since p k is the collision probability, the probability of successful transmission is (1−p k ). If the packet is successfully transmitted in the first attempt, the average backoff window is (CW min k − 1)/2. If the first transmission fails and the packet is successfully transmitted in the second attempt, the probability is p k (1 − p k ), and the average backoff window now is (2CW min k − 1)/2. We continue this argument until the retry limit R is reached. Then, the overall average backoff window size of AC k can be calculated from
where
, and 1 − p R k is a normalization term. The probability that a STA of AC k attempts a transmission in an arbitrary slot is approximately given by 1/W k . The collision probability p k is then given by
Based on equations (1) and (2), the collision probability and the average backoff window can be computed using a numerical technique.
B. Expression of the Access Delay
The access delay seen by a packet of a tagged STA includes the time of a successful transmission of the packet, the backoff periods of the STA and the time of collisions involving the tagged STA. We denote the access delay for class k by D (k) and write it as
where, T (k) is a random variable (r.v.) representing the successful transmission time of the packet and A (k) is the entire "waiting" time, which is the sum of the durations of backoffs and collisions involving the tagged STA, and the durations of successful transmissions and collisions of non-tagged STAs that interrupt the backoff timer of the tagged STA. The value of A (k) strongly depends on the number of collisions of the tagged STA. We write A (k) as
is comprised of i collisions of the tagged STA, i + 1 backoff intervals and their associated interruptions. It can be expressed as
where B During the backoff process, every slot can be interrupted and then the backoff is frozen. When it becomes active again, the backoff process begins with the interrupted slot. For simplicity, we assume every backoff slot can be interrupted at most once (in reality, multiple interruptions to a slot can occur when a backoff period of 0 is chosen, but the possibility is small). Based on this, we can express B (k) j (for notational clarity, we drop the index i from the notation) as a random sum
where, t slot represents the duration of a backoff slot, Y (k) n is the interruption, and U (k) j is the backoff interval and is defined as
where, U stands for the uniform distribution. If no any other STAs transmit, an interruption does not occur and Y (k) equals zero (for simplicity, we drop the index n from the notation Y (k) n ). When two or more non-tagged STAs attempt to transmit, a collision not involving the tagged STA occurs and the tagged STA will freeze its backoff for the duration of a collision. When only one non-tagged STA transmits, the tagged STA has to wait for the period of a transmission. Therefore, we can write
where, G (k) represents the successful transmission time of a non-tagged STA and H (k) is the channel occupancy of a collision not involving the tagged station. The quantity q k is the probability of only one transmission among the the n − 1 non-tagged stations, and is given by (9). Finally, p k − q k is the probability of collision among the the non-tagged stations.
In our numerical study described in Section IV, we consider constant-length data packets for all stations irrespective of the class. Let t data denote the transmission time of a data packet, and t ack be the transmission time of the ACK packet. Also denote the duration of the AIF S and SIF S by t aif s and t sif s , respectively. We obtain
where, we drop the i,j from the notation of C (k) i,j .
C. Mean and Standard Deviation
Now we derive expressions for the mean and standard deviation of the access delay. We express them using the means and variances of the constituent random variables, which are known quantities.
We denote the mean and the standard deviation of the access
where, V ar[X] denotes the variance of the random variable X. From (4), the distribution of A (k) can be viewed as a conditional distribution; the mean and variance of A (k) can be written as
(15) The mean and variance of A (k) i come from (5):
Using well-known identities for the mean and variance of a random sum [12] , it follows from (6) that
It follows from (7) that
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Finally, from (8), we obtain
For the case of constant length packets, from (10) and (11) we obtain
Thus, based on (12)-(27), we can compute the mean and the standard deviation of the access delay.
D. Generating Function
We denote the generating function of the probability mass function (pmf) of a non-negative, integer-valued random variable X by
To derive the generating function of the distribution of the access delay, we first need to transform the random variables described in Section III-A to integer-valued random variables. To do this, we choose a lattice of spacing δ, such that the values of
and the quantity t slot are concentrated on the lattice points. Then we obtain a new set of random variables by scaling δ to 1. Since all the other variables in the model are built from
, and t slot , they will also be transformed to integer-valued random variables. For convenience, we abuse the notation slightly and use the random variable names in Section III-A to refer to their integer-valued equivalents.
We denote the generating function of the access delay by D (k) (z). Based on (3), it can be written as
For simplicity, we drop the (k) from the notation of the generating functions below. From (4), it is easy to obtain
From (5), we obtain
From (6), the generating function of B (k) j is given by
where, σ = t slot /δ. From (7), it is easy to see that U j (z) =
where, f (j) = 2 j CW min k . From (8), it is easy to obtain
For the case of constant length packets, we have
where α = (t aif s + t tata )/δ and β = (t data + t aif s + t ack + t sif s )/δ. Thus, the generating function of the access delay can be derived from (28)-(35).
In Section IV, we deal with the generating function of the complementary cumulative distribution function (ccdf) of the access delay, which can be easily obtained from the pmf generating function D(z) using
E. Numerical Inversion
We use the LATTICE-POISSON numerical inversion algorithm [8] to obtain numerical results from the generating function. Below we give a simple introduction to this algorithm.
Suppose there is a sequence {f n : n ≥ 0} of complex numbers. If the associated generating function is F (z), the LATTICE-POISSON inversion formula is (for real r and integer l)
In our study, we used l = 1 and r = 10 −4/n so that the inversion error is no greater than 10 −8 .
IV. VALIDATION
In this section, we compare the numerical results from our analytical model with simulation to test the accuracy of our model. Another aim is to learn more about the properties of the access delay when there are multiple classes.
We used the popular ns simulator (version 2.26) [13], combined with the EDCA model developed by TU-Berlin [14] . We found some bugs in this code and corrected them. The main problems were: 1) after the backoff counter is frozen, the remaining backoff time is incorrectly calculated and 2) when the retry limit is reached, the packet is discarded, but the post-backoff is not performed. We simulated two groups of STAs with different ACs. The difference between the two classes was the value of CW min. In our study, we fixed CW min of the higher priority AC, CW min 1 , to 32, and set that of the lower priority AC, CW min 2 , to 64 or 128. The ratio of the number of STAs in the two classes was maintained at n1 : n2 = 1 : 2, where n1 is the number of STAs of the higher priority AC.
The MAC and Physical layer parameters were set in accordance with 802.11b, as shown in Table II . We ignored the propagation delays. We simulated UDP packets with size 1000 bytes. We now compare the analytical and simulation results for the collision probability, mean, standard deviation, and ccdf of the access delay. First of all, we plot the collision probability as a function of the total number of STAs in Fig. 1 for CW min 2 = 64. We observe that the difference of the collision probability between the two different classes is small. This can be explained from equation (2), where the difference in the collision probability only comes from the exponents. In fact, with our analytical model, when n1 and n2 get large, the collision probability p 1 and p 2 will converge. The agreement between simulation and analysis is reasonable, although the gap increases as the number of STAs gets large. The simulation results are plotted with 95% confidence intervals.
In Fig. 2 and 3 , we plot the mean of the access delay for CW min 2 = 64 and 128, respectively. The simulation results are plotted with 95% confidence intervals. Observe that our analytical model agrees well with the simulations for both ACs and for both values of CW min 2 . It is noticeable that a large differentiation in the mean access delay was realized by using different CW min for the two classes. In our plotted range, the mean access delay increases nearly linearly with the number of STAs. Comparing the two figures, we observe that an effective method to reduce the access delay of the higher class STAs is to enlarge the CW min of the lower class.
In Fig. 4 and 5, we examine the accuracy of our model in terms of the standard deviation of the access delay. All the simulation results are plotted with 95% confidence intervals again. The analysis achieves excellent agreement with the simulations for both classes. Good differentiation between the two classes was achieved and increasing CW min 2 accentuated it.
Finally, we plot the ccdf of the access delay with n = 9 in Fig. 6 and 7 for CW min 2 =64 and 128, respectively. The analytical results we used here were obtained from the numerical inversion method described in Section III-E with δ = 10µs. The graphs show that the model is very accurate and that having different CW min has a big impact on the delay distribution.
V. CONCLUSION
In this paper, we have developed an analytical model of the MAC access delay in an EDCA network with saturated stations. With this model, we obtained expressions for the mean, the standard deviation and the generating function of the distribution for the access delay. We showed how to obtain values of the distribution from the generating function by using numerical transform inversion [8] . Comparing these analytical results with simulation, we verified the accuracy of our model and observed how CW min affects service differentiation.
In the future, we plan to extend our model to examine how AIFS affects the service differentiation, and to investigate scenarios with unsaturated stations. Analysis, high prio Analysis, low prio Simulation, high prio Simulation, low prio 
